arXiv:gr-qc/9706026vl 10 Jun 1997 


Generating new perfect-flnid solutions from 
known ones: II 

Istvan Racz* and Jozsef Zsigrai^ 

MTA KFKI Research Institute for Particle and Nuclear Physics 
H-1525 Budapest II 4 , P.O.B. 49, Hungary 

February 7, 2008 


Abstract 

The properties of a transformation previously considered for generat¬ 
ing new perfect-fluid solutions from known ones are further investigated. 

It is assumed that the four-velocity of the fluid is parallel to the stationary 
Killing field, and also that the norm and the twist potential of the station¬ 
ary Killing field are functionally related. This case is complementary to 
the case studied in our previous paper. The transformation can be applied 
to generate possibly new perfect-fluid solutions from known ones only for 
the case of barotropic equation of state p -I- 3p = 0 or, alternatively, for 
the case of a static spacetime. For static spacetimes our method recovers 
the Buchdahl transformation. It is demonstrated, moreover, that Herlt’s 
technique for constructing stationary perfect-fluid solutions from static 
ones is, actually, a special case of the method considered in the present 
paper. 

PACS numbers 0420J, 0440N 

1 Introduction 

A method has been developed in Q ^ for generating stationary perfect-fluid 
solutions from known ones. This method was introduced as a generalization of 
the Geroch transformation |4| (see also §) given for vacuum spacetimes. It was 
assumed there that the four-velocity of the fluid is parallel to the stationary 
Killing held, and also, that the norm and the twist potential of the stationary 
Killing field are functionally independent. With these assumptions it was shown 
in 1^ that the generalized transformation can be applied to create possibly 
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new perfect-fluid solutions from known ones only for the case of the barotropic 
equation of state p + 3P = 0. In the present work we study the complementary 
problem, that is, here we assume that the norm and the twist potential of the 
stationary Killing field are functionally related and investigate the applicability 
of the generalized transformation. It turned out that either the equation of 
state of the fluid has to be the above restricted one for both the initial and 
the resulted configurations, or the spacetime has to be static. In the latter 
case our transformation reduces to the Buchdahl transformation of perfect-fluid 
spacetimes 0,|Q- 

We would like to emphasize that most of the analysis given in section 2 of the 
present paper is valid also in the functionally independent case of §. In ^ we 
recalled that the functional independence of the twist potential and the norm 
of the Killing field ensures that any solution to the reduced set of equations 
(2.7)-(2.9) of m satisfies the complete system of Einstein’s equations. Using 
this fact it was possible to generalize the Geroch transformation to the selected 
perfect-fluid configurations. In the present paper, however, we use the full set 
of Einstein’s equations in order to introduce the generalized transformation and 
to study the restrictions on its applicability. This analysis is, in turn, actually 
independent of any assumptions about the functional dependence of the twist 
potential and norm of the Killing field. 

This paper is organized as follows. We recall the field equations for the se¬ 
lected perfect fluid configurations and study their symmetry properties. Then, 
we determine the restrictions on the applicability of the generalized transfor¬ 
mation for generating new perfect-fluid solutions for the case under considera¬ 
tion. Next, we examine the particular case of a static spacetime and determine 
the transformation of the equation of state. Finally, we study the relationship 
between Her It’s technique developed for generating stationary perfect-fluid 
solutions from static ones and the method considered in this paper. It is shown 
that the method introduced by Herlt can be considered as a special case of the 
one presented in this paper. In particular, it follows that the equation of state 
for both the initial and resulted perfect-fluid configurations has to be p + 3P — 0 
whenever Herlt’s transformation is applied in order to get stationary solutions 
from static ones 


^We have just learnt that the transformation described in |y g, |iis a re-discoveration of 
a general Lie-Backlund transformation studied earlier by Stephani |H. Nevertheless, due to 
the different approach we used to get our transformation, there are particular results (e.g. the 
relation of the generalized Geroch transformation to the Buchdahl transformation) described 
in the present paper which were out of the scope of fcl and deserve further attention. 

Note .however, that our conclusion applies merely to one of the methods introduced by 
Herlt in g. 
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2 Symmetry properties of the field equations 

Start with a stationary perfect-fluid spacetime with four-velocity, parallel 
to the timelike Killing field Then 

u- = ( 1 ) 

where v = is the norm of the timelike Killing held. Consequently, the flow 
of the fluid is “rigid” in the sense that it is shear- and expansion-free. It was 
shown in 0 that these perfect-fluid spacetimes can be considered as faithful 
representations of equilibrium states of real, dissipative relativistic fluids. 

The existence of a Killing held allows one to use the three-dimensional for¬ 
mulation (projection formalism) of general relativity [|[ Moreover, for the 
perfect-fluid configurations under consideration the twist uJa {'■= Ca 
of the Killing held can always be expressed as a gradient of a function, uj, called 
the twist potential of the Killing field. The held equations for stationary perfect- 
fluid spacetimes having the 4-velocity of the fluid parallel to the timelike Killing 
field read 


Hab ■■= Rab - IG-n-V ^Phab=^V [{DaV){DbV) + {DaU;){DbUj)] , ( 2 ) 

DmD^v = v-^ [iDmv){D^v) - (DmtuXD^u;)] - Sirip + 3P) , (3) 

D^D^uj = 2v-^{D^u)iD^v) , (4) 

where p is the mass-density and P is the pressure of the fluid, while Rab and 
Da are the Ricci-tensor and covariant derivative associated with the three- 
dimensional Riemannian metric hab ■= —vgab + ^a^b (here Pab denotes the space- 
time metric). In addition to the above equations the Euler-Lagrange equation 

daP + -{p + P) -= 0 , (5) 

2 V 

which follows from the above ones, has to be satisfied. 

In it was shown that whenever the twist and the gradient of the norm 
of the Killing field are linearly independent then one can choose geometrically 
preferred local coordinates in which the functions v and uj depend merely on 
two coordinates, say and x^. In such coordinates it is straightforward to re¬ 
alize the analogy between the field equation (ID. and the corresponding vacuum 
equation (for the study of the vacuum case see |Q and also ). Both equations 
have a symmetry property, which allows one to introduce a transformation for 
generating new solutions of Einstein’s equations from known ones. In this way, 
it was possible to generalize the vacuum transformation given by Geroch [Q to 
the selected perfect-fluid spacetimes. However, in the perfect-fluid case there are 
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additional field equations which have to be satisfied when applying the general¬ 
ized transformation. This, in turn, means that the generalized transformation 
of ^ can be applied only if the equation of state of the fluid is p -I- 3P = 0, 
for both the initial and the final configurations. 

In the present paper we consider the complementary case, when the twist, 
iOa = DaOj, and the gradient of the norm, D^v, of the Killing field are linearly 
dependent. This is possible whenever at least one of the functions v and uj 
is constant throughout or there exists a function uj = w(u) (or, alternatively, 
V = v{oj)). Provided that at least one of the functions v and oj is non-constant^, 
there exists at any point p of the three-dimensional space of Killing orbits a 
two-dimensional subspace of the tangent space spanned by geometrically pre¬ 
ferred vectors satisfying all the equations (3.6)-(3.9) of Q. These geometrically 
preferred vectors are perpendicular to the one-dimensional subspace of the tan¬ 
gent space at p spanned by DaV or DaOj. Then, in all the above cases one 
can choose, at least in an appropriately small neighborhood of p, two linearly 
independent preferred non-vanishing vector fields, ^“ 2 ) and ^“ 3 ), and introduce 
a local coordinate system (x^, x^, x^) adapted to these vector fields, so that 
^( 2 ) ~ and ^“ 3 ^ = (gfs) ■ Then it follows immediately that 

V = v{x^) , UJ = uj{x^) . (6) 


Furthermore, in such a local coordinate system /122 and /133 do not vanish and 
we get from the field equation (||) with the choice of indices a, b = 2 and a, 5 = 3 


R22 

h22 


R33 

h33 


= IGttx . 


(7) 


Therefore, the quantity Pv~^, and thereby the left hand side of (||), depends 
merely on the three-dimensional metric hab, just as in the linearly independent 
case of Hi- Following Q, one may look for a transformation which would 
generate from a known solution {hab, v, uj) a new solution v', uj') by 

leaving the the three-dimensional metric hab intact. Since hab (and therefore 
Rab) is supposed to be invariant against the transformation, we get from ®) 

P'v'-^ = Pv-^ , (8) 


where P and v are the initial pressure and norm, while P' and v' denote the 
corresponding transformed quantities. This is one of the necessary conditions 
for the applicability of the generalized transformation. 

Next, in order to determine the exact form of the transformation we recall 
the complex notation of Q 

®If both V and u) are constant, then we have from the field equations that the equation of 
state is p-|-3P = 0, where both p and P are constant. Clearly, the transformation introduced 
bellow (see equations (|l2[)-(|l4|)) yields only a gauge transformation of these spacetimes. 
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T = UJ + iv . 


With this notation the field equations (^)-(^ can be written as 


( 9 ) 

( 10 ) 


DmD^T = 2(r - f )-\DmT){D'^T) - i8Tr{p + 3P) , (11) 

where a bar denotes complex conjugation. Furthermore, in this complex no¬ 
tation the transformation we are looking for is expected to have the form 
hLb — f^ab, t' = It can be shown that, just like in the vacuum case 

[Q, the only solution to (0) and (0) of this form is 


ar -\-b 

CT + d ^ 


( 12 ) 


where a, 6 , c and d are real constants which can be chosen, without loss of gen¬ 
erality, to satisfy ad — be = 1. From 0 ) it follows immediately that repeated 
applications of the transformation do not yield new (i.e. not gauge-related) solu¬ 
tions. It was shown for the vacuum case in [Q that by factoring out with respect 
to gauge transformations from the three parameters of an SL(2,IR) group there 
remains only one independent parameter. Clearly, the same argument applies 
for the examined perfect fluid case as well. One of the possible parameteriza- 
tions is the choice a = cos 0 , b = sind, c = — sin 0 and d = cos 9, where now 
9 is the only independent parameter of the transformation. Then, the real and 
imaginary parts of 0 ) give that 


/ 

V 


V 

(cos 9 — Lo sin 9Y + sin^ 9 ’ 


(13) 


, (oj COS0-I- sin0)(—w sin0 -I-COS0) — sin0cos0 
(cos 0 — a; sin 0)^ +v'^ sin^ 9 

where v' and tu' are the transformed norm and twist potential of the Killing 
field. 

The transformation of the equation of state can be determined as follows. 
The analogue of 

D^D^t' = 2(t' - f')-\D^T'){D^T') - 8 tt{p' + 3P') , (15) 

must hold, where p' and P' are the transformed mass-density and pressure. 
Calculating Dmr' and DmD'^r' from (0 and substituting into (p^, using (^ 
we get a complex equation with the real part 

p -\-3P = {p' + 3P') + 2cdw + , (16) 


5 





and imaginary part 


Q = {p + 3P')cv{cuj + d) 


(17) 


Obviously, the norm of the timelike Killing field, v, is non-zero, as well as 
it is reasonable to suppose that the parameter of the transformation 9^0 
(i.e. c 7 ^ 0). Therefore, there remain two possibilities so that ( p^ be satisfied. 
First, we may assume that the equation of state of the transformed perfect- 
fluid configuration is p' + 3P' = 0, which, in turn, gives along with (16) that 
p + 3P = 0. Unfortunately, this is a highly unphysical equation of state. One 
would expect that a stationary rigidly rotating perfect-fluid solution of Einstein’s 
equations which gives a faithful representation of a finite rigidly rotating body 
(e.g. a star) has to possess everywhere positive mass-density and pressure in 
the interior. Obviously, with p -|- 3P = 0 this cannot be the case. 

There is, however, another possibility to have equation satisfied. Namely, 
take u! = —^ = = constant, i.e. suppose that the initial spacetime is static, 

allowing that p' + 3P' ^ 0. The transformation of the equation of state for this 
latter possibility can be determined as follows. 

Without loss of generality, we may assume in the static case that w = 0 
which corresponds to 6 * = ^ (i.e. c = — 1 and d = 0). Then the transformation 
(0) reduces to 

y = o, ( 18 ) 


, 1 
V = — 
V 


yielding a new static solution. This particular form of the transformation exactly 
reproduces the Buchdahl transformation of perfect fluid spacetimes il which 
has already been known for a long time. The transformed mass-density, p', and 
pressure, P', can be determined as follows. Substituting tu = 0, c = —1 and 
d = 0 into we get 

p' + 3P' = -P±^. (19) 


Moreover, from (Bh and 


we get 


-.9 ’ 


( 20 ) 


which, along with 0 ), gives 


/ P + 6P 
P = - 


( 21 ) 


The last two equations, exactly recover the corresponding equations of ^ . 
The transformed pressure and mass-density will both be positive only if the 
initial pressure, P, is positive and the initial mass-density, p, satisfies p < —6P 
(compare with Q). In most cases these conditions can be easily satisfied for 
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an appropriate choice of parameters in the initial solution^. However, for a 
physically meaningful static spherical star model in addition to the positivity of 
the pressure and mass-density, these quantities are expected to be monotonically 
decreasing functions of the radial coordinate. It is also required that the solution 
be regular at the origin^ Unfortunately, none of the metrics which we generated 
by applying the above form of the Buchdahl transformation to particular known 
solutions^ satisfy all criteria for physical acceptability listed in ||T^. 


3 Her It’s transformation 

In this section we demonstrate that a technique given previously by Herlt in 
[H for generating stationary perfect-fluid solutions from static ones is a special 
case of the above described transformation. In particular, we show that the 
fundamental equations of Herlt’s transformation, equations (4.4a) and (4.4b) of 
[|j, follow from the above considerations. Thereby, they correspond to a special 
setting of the examined transformation. 

Since in the initial spacetime is taken to be static, we write aj = 0 into 
( p^ and (HD- This way we obtain 


, (1 - 1 - tan^ (^)v 

1 -I- tan^ 0 ’ 

( 22 ) 

, (1 — v^) tan^ 0 

1 -I- f ^ tan^ 0 

(23) 

In the following we show that equations (4.4a-b) of |§, i.e. 



(24) 

1 

II 

'b 

1 

(25) 

follow as a special case from (^, (^ and (^) of the present paper, 
notation is related to the quantities U, U, p and p as 

where our 

V = , v' = , 

(26) 

w = 0 , uj' = 2b , 

(27) 

P = p , P' = p . 

(28) 


For example, with a suitable choice of parameters, the transformed pressure and density 
can be made positive when one takes the interior (perfect-fluid) Schwarzschild solution as the 
initial spacetime 0 (see the discussion given by Stewart in 0). Further simple examples 
are the configurations obtainable from the metrics denoted as KuchTl II and R-R IV in ]l2| . 

^For the regularity conditions see e.g. El- 

®These are the ones denoted as Tolman I, II, V, VI, Kiieli2 VII, Kuch71 II, Whittaker, 
B-L, Heint Ille, R-R I, III, IV, V, VI, Bayin II and III in M. 
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To get (^4D (equation (4.4a) of Q), first we substitute expressions ( p(^ ) and 
( p^ into (|22|), ( p^ and to the derivative of these equations. Then, using the 
obtained system of equations, we eliminate and tand from the equation 


extracted by the substitution of (|26| ) and (pTI ) into (|22|). This way we obtain 


{dUf = 




{dUf 


(29) 


from which (|^) follows. Note, however, that there is a sign ambiguity arising 
from (29), which is missing from (p4) (the original form of (4.4a) in p]). Due 


to this, for instance in the particular case of static spacetimes, uj' = 2b — 0, the 
special transformation dU = —dU (v' = 1/u in our notation), which recovers 
the Buchdahl transformation, was left out from the analysis in |^. 

Let us, finally, mention that the equations used in ||] (see equations ( p^ 
and (p5|)) impose a strong restriction on the possible form of the equation of 
state. Since Herlt’s transformation turned out to be a special case of the one 
examined throughout the previous section, it is obvious that when the resulting 
spacetime is non-static the relevant perfect-fluid configurations have to possess 
the equation of state p -I- 3P = 0. 
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